Knots, braid index and dynamical type  by Los, Jérôme E.
Pergamon 7bpofogy Vol. 33, No. 2, pp. 257-270, 1994 
Copyright b 1994 Elsevier Science Ltd 
Printed in Great Britain. All rights reserved 
@M&9383/94.$6.00 + 0.00 
KNOTS, BRAID INDEX AND DYNAMICAL TYPE 
JEROME E. Los 
(Received 20 December 1991; in revised form 20 June 1993) 
1. INTRODUCTION 
THE presentation of links in S3 by closed braids has been widely studied over the years and 
yet some new developments still appear, for instance, the recent series of papers by Birman 
and Menasco ending with [5,6]. 
In the present paper we consider another aspect of the closed braid presentations, 
namely the dynamical properties of the braids representing a given knot and with the 
minimal number of strands called the braid index. This set of braids is called the braid index 
set and is denoted by E(K). 
The relationship between braids and dynamics has been studied since Artin [l], in the 
sense that a braid /I (p E B,) defines a unique isotopy class of homeomorphisms [fs] on the 
n-punctured disc. On the other hand, isotopy classes of surface homeomorphisms are 
classified by the Nielsen-Thurston theorem [21,23] into three dynamical typesperiodic, 
pseudo-,4nosov and reducible. This theorem induces a natural classification for braids. The 
word reducible in the context of the braid groups could be confusing. In what follows the 
word reducible will only be used in the dynamical sense. 
It is tempting to seek a related classification for knots by the dynamical type of their 
minimal braid representatives. The restriction to the braid index set is natural although not 
obvious in practice. Indeed, without the restriction to Bi(K) one can find a braid represent- 
ative in each of the above dynamical types for the trivial knot (Fig. 1). 
Knots can be classified in many ways. For example the geometry of the knot comp- 
lement and therefore, knots, is classified by a theorem of Thurston [24] which is very similar 
to the above one, i.e. there are three classes: the torus knots, the satellite knots and the 
others. The result says that the knot complement of “the others” has a hyperbolic structure. 
These knots will be called hyperbolic knots. 
In what follows, a special class of satellite knots will appear. This class is well known and 
is related to the type 0 embedding in the Birman-Menasco terminology [6] (see 93). If K is 
a satellite knot, S3 - K admits a collection { Ti, . . . , Tk} of essential non peripheral tori, 
which are nested since K is a knot. This means that each Ti bounds a solid torus Ti and 
T1 3 . . . 1 Tt. 
The knot K is said to be a braided satellite knot if for some j E (2,. . . , k}, Tj intersects 
transversally each fiber, D!- 1 x {O}, of the solid torus Tj_ 1 = Df_ 1 x S' , along a meridian. 
This torus Tj is said to be braided, indeed its core is a closed braid in the solid torus Tj_ 1. In 
order to state our result we now define pictorially a transformation called an exchange move 
by Birman-Menasco. This transformation is central in their series of papers [5,6] as well as 
here (see Fig. 2). A braid /I E B,, as a word in the generators {e: i, . . . , a:Jl } of B, is said to 
admit an exchange move if /I is conjugate to y = ~,‘-‘i . P . o,‘-‘i . Q, where P and Q are words 
in {ail, . . . ,0:J2}. 
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Fig. 1. A periodic (a), a pseudo-Anosov (b) and a reducible (c) braid which represents the trivial knot. 
Fig. 2. An exchange move. 
THEOREM 1.1. Let K be a knot in S3 and let Bi(K) be its braid index set, then one of the 
following occurs: 
i 
Iii) 
(iii) 
K is a torus knot if and only if every braid in Bi(K) is periodic. 
K is an hyperbolic knot or a non braided satellite knot if and only if every braid in 
Bi(K) is pseudo-Anosov. 
K is a braided satellite knot if and only iffor every p E BE’(K) there exists a finite 
sequence of exchange moves (and conjugacies) in Bi(K): b --t PI + . . . -+ f3N such that 
/IN is reducible. 
One could expect a stronger statement in case (iii) but we shall see, during the proof (&I), 
that the exchange moves are generally unavoidable. In this paper we consider only knots 
rather than the more general case of links because of orientation problems, nevertheless the 
arguments work in the same way for links with suitable orientation. From Theorem 1.1 one 
can easily derive the following: 
COROLLARY 1.2. If K is a torus knot then the braid index set Bi(K) is reduced to a single 
conjugacy class. 
From torus knots one can construct a large class of braided satellite knots whose braid 
index set is reduced to a single conjugacy class, for example all the iterated torus knots. 
Theorem 1.1 enables one to define a non trival knot invariant from the dynamics of the 
braids in Bi(K). Indeed, for any braid /I E B. let C fs] be the corresponding isotopy class of 
homeomorphisms of the n-punctured disc. The number 
As = inf(ew(h(cp)): cp E Cf,l>3 (1) 
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where h( .) is the topological entropy of the map (see [a]), is called the dilatationfactor ofthe 
braid. This is a conjugacy class invariant which has been studied in [16] for any surface 
homeomorphism. In that case one defined a link invariant of a class of links, called braided 
links which generalize fibered links in S3 (see also [22]). In this paper & is used to define the 
following invariant for any knot (or link) K in S3: 
A, = inf {&:B E E(K)). (2) 
Another consequence of Theorem 1.1 is: 
THEOREM 1.3. Let K be a knot in S3, then: 
(i) Ax = 1 if and only if K is a torus knot or an iterated torus knot. 
(ii) If K has braid index n and is not a torus knot or an iterated torus knot then A, 2 2l/“. 
The dilatation factor of a given braid is a computable number by using recent algo- 
rithms [3] or [17]. Unfortunately this is not the case for the braid index and, afortiori, for 
the braid index set. Nevertheless there are some cases where the factor A is computable. In 
the $5 we prove that the granny and the square knots have different A-factor and we 
compute them. In fact the factor A is computable for all braid index 3 links by using the 
Birman-Menasco classification theorem [7] for braid index 3 links. 
2. DYNAMICS AND BRAIDS 
A brief review 
Let us begin this section by recalling the Nielsen-Thurston classification theorem [21, 
231 (see [ll]) for orientation preserving surface homeomorphismsf: S + S. Let [f] denote 
the isotopy class off: A homeomorphismfon a compact surface S is said to be reducible if it 
leaves invariant a non empty collection C of disjoint essential simple closed curves of S, 
called a reducing manifold. Iff is reducible then each component Si of S - C is invariant 
under a least iteratefk’ .The isotopy class offki, restricted to the component Si (actually, it’s 
compactification) is called a component of [f]. An isotopy class is irreducible if it contains 
only one component. The Nielsen-Thurston theorem can be stated as follows: 
THEOREM 2.1. Let S be a compact orientable surface and [f] an isotopy class of 
orientation preserving homeomorphisms of S then one of the following situations occurs: 
(i) [fl is periodic: for a positive integer m, f”’ is isotopic to ids. 
(ii) [f] is pseudo-Anosov: f is isotopic to a pseudo-Anosov homeomorphism. 
(iii) Lf] is reducible: there exists a reducing manifold C for some cp E [f] such that every 
component is irreducible, i.e. they satisfy either (i) or (ii). 
The precise properties of the pseudo-Anosov maps are not explicitly used in this paper. 
Nevertheless, for convenience, we recall the definition. A measured foliation (F, p) on 
a surface S, is a foliation F with a finite set of singularities together which a transverse 
measure p, i.e. a measure defined on each arc transverse to the leaves of F. A homeomor- 
phism f on S is pseudo-Anosov if there exists a pair of transverse measured foliation (F”, $), 
(F”, CL’) and a real number I > 1 such that: 
f (F”, pLs) = (F”, I-’ . pLs) and f (F”, u”) = (F”, 1. p”). 
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The measured foliation (FS, p”) (resp (F”, p’)) is called the stable (resp. unstable) invariant 
foliation and the number 1 is called the dilatation factor of the pseudo-Anosov homeomor- 
phism. 
Pseudo-Anosov maps possess many beautiful properties. The one which will be used 
here has been found by Fathi and Shub in [ll expose lo] and concerns the topological 
entropy. The topological entropy is a conjugacy invariant for continuous maps on compact 
manifolds. The orginal definition can be found in [2] (see [S] for an equivalent definition). 
The topological entropy h(f) f o a mapfis a non-negative number which measures the 
“asymptotic complexity” of the dynamics. In particular, for maps on the interval or 
homeomorphisms on surfaces, positive topological entropy is detected by the existence of 
infinitely many periodic orbits whose number grows exponentially with the least period (see 
[HI). This is not true in higher dimension. The basic properties of the topological entropy 
are: 
(3a) for every positive integer, h(f”) = n. h( f ), and for an homeomorphism h( f - ’ ) = h( f ), 
(3b) iff: X +X has an invariant submanifold Z, then h(f) = max {h(f;,), h(f,x_,)}. 
For surface homeomorphisms the topological entropy enables one to define the follow- 
ing isotopy class invariant: 
n[_L Sl = inf {exp(W):cp E Cfl>, (4) 
where h( .) is the topological entropy (S may be non connected). This invariant is called the 
dilatation factor and the following properties are easy to derive from the properties (3) above 
and the results of [ll, expose lo]: 
(5i) If [f] is periodic then nu S] = 1. 
(5ii) If [f] is pseudo-Anosov then n[X S] is the dilatation factor of the pseudo-Anosov 
representative of the class, and then J-CL S] > 1. 
(5iii) If [f ] is reducible, let [f kiisi], i = 1, . . . , N be the irreducible components (all ki are 
minimal) then A[J; S] = max {(A[fk’is,,Sl])‘ik’, . . . ,(n[fkNis,,SN])lieN}. 
Let us now recall the well known relationship between braids and dynamics (see [4] for 
the details). Assume that the surface S above is the n-punctured isc D,, i.e. the complement 
of n open discs in D2. We denote by aD the outer boundary. Let Aut(D,) be the group of 
orientation preserving homeomorphisms of D,, fixing aD setwise and let A, be the set of 
path components of Aut(D,) (isotopy classes). The mapping class group M(0, n), as defined 
in [4], is the subgroup of A, whose elements fix aD pointwise. The kernel of the inclusion 
map M(0, n) + A, is generated by a Dehn twist in a neighborhood of aD. 
There are many ways to define the n-strand braid group B,. The most economic is the 
algebraic presentation: 
The homomorphism B, -+ A, obtained by mapping each generator p = pi to [fa], the Dehn 
twist that exchanges the ith puncture and the (i + 1)st puncture is an epimorphism. Its 
kernel is generated by the “full twist” A2 = (e102 . . . cr_ l)n (see [4] 1.10). Using this 
epimorphism we pull back the Nielsen-Thurston classification of A, to a classification of 
elements of B,, so that it is meaningful to say that a braid is periodic, reducible or 
pseudo-Anosov. 
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Proof of Theorem 1.3. The factor AK defined by (2) in the introduction is a knot 
invariant by definition. We shall prove that Theorem 1.1 implies it is a non trivial one. The 
estimate given by Theorem 1.3(ii) is a consequence of the following result: 
THEOREM 2.2. [18]. Zff is a pseudo-Anosov homeomorphism of the n-punctured disc D, 
(then n > 2) then its topological entropy satisjies: h(f) 2 k log 2. 
Let us prove part (i). Assume that AK = 1 then there is a braid /I in E(K) such that 
A, = 1. Indeed 1= 1 cannot be an accumulation point by 2.2. Therefore /I is either 
a periodic braid or a reducible braid but with all components periodic by (5ii). In the first 
case K = /?is a torus knot by 1.1(i) and in the second case K is an iterated torus knot. The 
converse is also very simple. In this case, by Corollary 1.2, there is only one conjugacy class 
in the braid index set. For torus knots the result is a consequence of 1.1(i) and property (5i). 
For iterated torus knots, one braid of E(K) is obtained by a sequence of “tablings” of 
periodic braids (see $5 for details). The resulting braid is reducible and each component is 
periodic. The result follows from (5i) and (5iii). 
For part (ii), there are also two cases: 
(a) K is a hyperbolic or a non braided satellite knot in which case all the braids in E(K) 
are pseudo-Anosov by l.l(ii). Theorem 2.2 applies directly. 
(b) K is a braided satellite knot. By l.l(iii), the braids in E(K) are either pseudo- 
Anosov or reducible. In the first case the result follows from 2.2. In the second case there is 
at least one irreducible component which is pseudo-Anosov. Assume, for simplicity, that the 
isotopy class [ fP] of the reducible braid has only two irreducible components. The reducing 
manifold is a collection of essential curves {C, , . . . , C,} which are permuted in a single cycle 
under one element Y of [ fs]. Each Ci bounds a punctured disc D’ with r = n/k punctures. 
The two irreducible components are now easy to describe: 
(*) CfS,Il = C~,uP-VBJ? and (**) [fP,2] = [v,[uDi,l* 
If [fs, 1] is a pseudo-Anosov component then by 2.2 and ([ll expose 10): 
h(q)+og2>;log2, 
where h(q) is the topological entropy of any element of the isotopy class [ fs, 1]. The result 
follows in this case from property (3(b)) of the topological entropy. 
If [f,,,] is a pseudo-Anosov component, which means that the classes [U”/DJ are 
pseudo-Anosov (for any i), then by 2.2: h(q) 2 l/r log2 (r = n/k), for any element of the 
isotopy class [Yk/Di]. The result follows, in this case, from the properties (3a) and (3b) of 
the topological entropy. 
In the general case with any number of irreducible components, the above argument is 
applied to each component. 
3. BRAIDS AND LINKS 
In this section we recall some known results about braids and links which will be used in 
the proof of Theorem 1.1. The first one is due to Morton [19] and Franks and Williams 
[12]. It relates the braid index to the degree of the two variables Jones polynomial X,(q, A) 
(see [14] or [13]). 
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THEOREM 3.1. [19, 121. Let L be an oriented link with polynomial X,(4,11). If d, and d_ 
are, respectively, the largest and the smallest degree of A in X, and tfL is the closure of a braid 
CLE B, then: 
n>d+ -d_ + 1. 
The second result we will use is the description, given by Birman and Menasco [6], of the 
possible embeddings of essential tori in the complement of a link L, presented as a closed 
braid. We consider a link L as a closed n-braid with braid axis A. We denote by De the fibers 
of the solid torus TA which is the complement of the axis A. 
Type 0 tori. Let T be an essential torus bounding a solid torus T whose core is a closed 
braid with axis A. Then T is transverse to every fiber of TA and intersects each DB in 
a meridian. 
Type 1 tori. Choose a 2-sphere S which is pierced twice by the axis A and with a standard 
south-north foliation induced by DB n S. Consider an arc u in the solid torus TA which is 
transverse to the fibers De and connects S to itself. The torus T is obtained by tubing S to 
itself along a neighborhood of CI. 
Type k tori (k 2 2). The torus T is made up of 2-spheres S1 , . . . , Sk cyclically connected by 
cylinders C1 , . . . , C, such that: 
(i) The spheres S, , . . . , Sk are disjointly embedded in S3 so that each Si intersects the 
axis A twice and has a standard north-south foliation induced by DB A Si. 
(ii) The cylinders C1, . . . , Ck are tubular neighborhoods of arcs c(~, . .. , ak which connect 
the Si’s in a cycle such that each ai lies in a fiber Dei. 
THEOREM 3.2. [6] Let L be a link in S3 which is the closure of an n-braid /? and assume 
that S3 - L has a collection (T,, . . . , T,.} of essential tori. Then there exists aJinite sequence of 
braids in B,: /3-+fi1 + . . . -pm such that: 
(9 Each Bi+l is an n-braid with axis Ai + 1 and is obtainedfiom pi by an exchange move 
and a conjugacy. 
(ii) Each essential torus Tj is isotopic, in the complement of & u A,,, , to a torus of type 0, 
type 1 or type k. 
It is of course not the place here to recall the proof of this theorem, nevertheless, let us 
say some words about the idea of the proof. Consider one torus Ti of the above collection 
and its embedding in the complement of the closed braid $ The axis A of p intersects Ti at 
some isolated points and we can assume that the intersections are transverse. Each fiber Do 
of the braid fibration intersects Ti. These intersections are transverse xcept for finitely 
many singular points and De n Ti, 8 E S1 defines a singular foliation of the torus. The proof 
of the theorem is an analysis of these singular foliations. The first step is to show that any 
singular foliation can be transformed into a “standard” one by a finite sequence of 
elementary exchange moves and conjugacies. The second step is to prove that there are only 
three types of standard foliations. Finally the last step is to relate the standard foliations of 
the torus with the way the torus is embedded in 3-space. 
4. PROOF OF THE MAIN THEOREM 
In addition to the braid index set Bi(K), let us also consider the set M(K) of all the 
braids in u B, whose closure is the knot K. 
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LEMMA 4.1. K is a torus link ifand only ifthere exists a braid /3 in M(K) which is periodic. 
If b E B, is periodic then there is an element cp in the isotopy class [fs] defined by 
j? which is a rigid rotation of the disc [9]. The punctured disc D, admits a foliation by circles 
which is invariant under cp. The punctures (z 1, . . . , z,,>, which we consider as isolated points, 
belong to one of these circles C. Therefore, the n strands of B can be isotoped to lie on the 
cylinder C x [0, 11. Closing the braid defines a link on the torus C x S’. 
Conversely if K is a torus link it lies on a standardly embedded torus T. A meridian of 
T defines an axis A and K is a closed braid K = 6 relative to A. The torus T intersects each 
fiber De of the solid torus TA = S3 - A in a circle Ce containing, for all 0, the points of 
K n DO. Therefore Co is invariant under some homeomorphism cp in the isotopy class [fa] 
defined by the braid j?. Furthermore, qDjc, is a rotation permuting the points of K n D,,. The 
components of D, - Co, where D, = DO - (K n DO), are a disc and an annulus. By an 
isotopy from cp to cp’ we can extend the rotation on Co to a rigid rotation on the disc D,. 
LEMMA 4.2. If K is a torus knot then there exists a braid /? in Bi(K) which is periodic. 
Assume that K is a (p,q) torus knot with (p, q) = 1 and q < p. The standard braid 
representative of K: /?,,, = (al 02, . . . , cq_ l)p E B,, is periodic. It remains to prove that q is 
the braid index. To this end the inequality (3.1) of Morton-Franks-Williams is sufficient. 
Indeed in [14] Jones has computed the polynomial XL for any (p,q) torus knot and from 
this formula we have d + - d_ = q - 1 proving the Lemma. 
LEMMA 4.3. lf there is a reducible braid in the braid index set Bi(K) then the knot K is 
a braided satellite knot. 
If /I E Bi(K) is reducible then there is a collection { C1, . . . , Ck > of essential simple closed 
curves in the disc D, which is setwise invariant under an element of the isotopy class [f,] . 
Closing the braid defines a collection of tori which are obviously embedded as the type 
0 tori. It remains to show that these tori are essential. Each of these tori bounds a solid torus 
whose intersections with the discs DO are punctured discs with more than one puncture since 
the curves Ci are essential in the punctured disc. The tori are then not boundary parallel. By 
minimality of the number of strands these tori are knotted, proving the Lemma. 
From now on we shall use the Birman-Menasco theorem (3.2) as an essential tool. 
PROPOSITION 4.4. If K is a braided satellite knot then for any braids /? in Bi(K) there exists 
a jinite sequence of exchange moves and conjugacies: fl+ /I1 -+ . . . + PN such that fin is 
reducible. 
In the terminology of [6] this result means that the types 1 and k embeddings cannot 
occur for braided satellite knots presented as closed braids with the minimal number of 
strands. 
The proof of Theorem 3.2 is local in the sense that each torus of the decomposition is 
studied independently of the others. We can then reduce the study to the case where there is 
only one essential torus T. In this case T bounds a solid torus T whose fibers, which we call 
a,, are transverse to K. 
We have to study the embedding of the knot K with respect o two distinct fibrations: 
(a) The braid fibration, i.e. the fibration of the axis complement whose fibers are 
called D,. 
(b) The fibration of the solid torus T whose fibers are denoted 6,. 
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Since K is a closed braid with axis A then K is transverse to all the fibers De. Furthermore 
K is a braided satellite knot then, after an isotopy in the solid torus T, K is also transverse to 
all the fibers 6,. 
Assume first that T is a torus of type k, eventually after a finite sequence of exchange 
moves and conjugacies. By definition there are k disjointly embedded 2-spheres S1, . . . , Sk, 
which are connected by cylinders C1 , . . . , Ck. Each Ci being a tubular neighborhood of an 
arc C(i embedded in a fiber Doi. Then the cyclinder Ci intersects the fibers Do of the braid 
fibration for 8 E [0, - E, 8i + E], where E > 0 is small. Since K is a braided satellite knot, for 
a given orientation of K all the intersections K n 6, have the same sign in each cylinder Ci. 
Each Ci encloses more than two strands since the torus T is not boundary parallel. 
Moreover K is a closed braid, then all the intersections K n Do also have the same sign. 
Therefore the knot K is embedded in each cylinder Ci as shown by the Fig. 3(a). 
A given sphere S1 is connected to the other spheres by two cylinders let say C1 and C2. 
Assume now that the strands which are enclosed into C1 leave C, and arrive in the ball B1 
bounded by S1 (with an obvious abuse of terminology). 
Since K is a closed curve then all the strands arriving into B, from C, have to leave B1 
either by (a) entering into C1 or (8) by entering into Cz. 
Claim 1. The case (a): C1 + B1 --f C1 is not possible (see Fig. 3(bi). 
Indeed from the local embedding of K given by (i) there is a fiber 6, of the solid torus T, 
which is contained into the ball B1 such that K is tangent o 6,. Since K is a braided satellite 
knot this tangency can be removed by an isotopy of the solid torus. Under this isotopy, the 
backtracking strand has to cross the axis A and then can be removed from the cylinder Cr. 
This is not possible since otherwise the number of strands of the braid would decrease. 
From the claim 1 all the strands arriving in the ball B1 from C1 have to leave B1 by the 
cylinder Cz. Three situations can occur: 
L&\ - _ 
-@ 
I . -l- 
I L 
/ 
’ / 
\ 
@.O 
6-h 
&iii) &iv) 
Fig. 3. The torus cannot be an embedding of type k. 
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(1) All the strands from Ci to C2 in the ball Bi crosses the same fibers De of the braid 
fibration, 6 E [e, + E, Q2 - 11 for some E, [ > 0 (see the Fig. 3(bii). 
(2) Some of the strands from C1 to C2 in the ball B1 crosses the fibers De in a positive 
direction and some others crosses the fibers DB in a negative direction, i.e. either for 
increasing 0 or for decreasing 8 (see Fig. 3(biii). 
(3) Some of the strands from C1 to C2 in the ball B1 turn around the axis more than 
once, i.e they cross the fibers DB for 8 E [e, + F, ~9~ - [ + ~/UC] for some E, < > 0 and 
k 2 1 (see the Fig 3(b(iv). 
Claim 2. The cases (2) and (3) above are not possible. 
The case (2) is not possible since otherwise K would not be a closed braid. The case (3) is 
not possible by an agrument similar to the proof of the Claim 1. Indeed for this local 
embedding there are also tangencies between K and some fibers 6, of the solid torus T. Each 
tangency can be removed by an isotopy in the torus T since K is a braided satellite knot. 
This isotopy is actually a Markov move decreasing the number of strands. 
Therefore, the only possible embedding in each ball Bi is given by the case (1) above. In 
this case all the intersections A n Si can be removed by an isotopy and the intersection 
T n DO for each 0 is a collection of closed curve in the disc. This implies that T is a torus of 
type 0. 
By exactly the same arguments we prove that the torus T cannot be of type 1, which 
completes the proof of the proposition. 
Notice that the assumption that K is a knot has been used here because some other cases 
may arise with links, depending upon the orientations of the components. 
The parts (ii) and (iii) of Theorem 1.1 are now proved. Indeed 4.3 and 4.4 implies (iii). 
Furthermore from 4.1-4.4, a knot K which is neither a torus knot nor a braided satellite 
knot cannot have any periodic or reducible braid in its braid index set. Then, in this case, all 
the braids in &(K) are pseudo-Anosov. The converse follows by the same lines. 
It remains to prove the part (i) of the Theorem. In fact the Birman-Menasco theorem 
(3.2) is again the main tool. Indeed if K is a (p, q)-torus knot there is an embedded torus, 
namely the one on which K is embedded. This torus is trivially embedded in S3, i.e. it bounds 
two solid tori T, and T,. The torus T is oriented and then its normal bundle is well defined. 
Pushing the knot K along one normal direction gives a torus TP or Tg embedded in S3 - K. 
The Birman-Menasco analysis can be applied to this tori as well as for essential tori in the 
complement of a satellite knot. Indeed, as we noticed above, the analysis leading to the 
Theorem 3.2 deals with singular foliations on a torus induced by the braid fibration. The 
fact that a torus, in the complement of a knot, is knotted or not plays no role in the proof of 
Theorem 3.2. Therefore the proof of the Proposition 4.4 can be used directly for the torus T,, 
(resp T,) above. To this end we just have to check that the knot K is braided with respect to 
the torus T,, (resp T,) which is obvious. The difference between TP and Tg is that TP encloses 
p strands and T4 encloses q strands. Since K is a torus knot then p # q (for instance q < p). 
The proof of the Proposition 4.4 can then be applied to the torus T4, it gives: 
PROPOSITION 4.5. If K is a torus knot then for all braids p in Bi(K) there exists afmite 
sequence of exchange moves (and conjugacies): fi -+ PI... + flN such that fiN is periodic. 
The conclusion of the proposition means that the braid PN is precisely the standard 
braid (up to conjugacy) we are expecting i.e. (cl c’2 . . . cr,_ l)p E B,. There exists, in fact, only 
one such periodic braid in B, since the rotation RP,* of D, is uniquely defined by p and q. 
Theorem 1.1 and the Corollary 1.2 will be proved after the following: 
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LEMMA 4.6. The braid BP,,, = (alo . . . aq_ #’ E B,, p > q, does not admit an exchange 
move. 
If /IPiQ admits an exchange move then it is conjugate to B = c,+-‘~ . P. e,‘-‘i. Q, where 
P and Q are two braid words written with the letters {o:‘, o:i, . . . , CJ,‘-‘~}. Let us consider 
the writting of the braids /3P,4 and fi in a more convenient way for our purpose (see [lo]). 
Consider each strand of a geometric braid, numbered { 1, . . . , q} from left to right at the top 
level (i.e. on the disc 0’ x (0)). The natural orientation of the braid (from top to bottom) 
defines an ordering of the crossings (1 , . . . , N}. If the rth crossing involves the strands i and 
j then denote this crossing by the strand Zetter si,j(r)+ ’ if i crosses over j from the left to right 
and s,j(r)-’ if i crosses over j from right to left. A strand word for a braid p is the word 
s(B) = s(l).s(2) . . . s(N), where s(r) is the strand letter of the rth crossing. Notice that the 
strand letters are not generator of the braid group as are the gi. With this notation the braid 
P p,4 can be written as: 
~(Bp,q)=(~l,~.~1,3...~l,q) (~z,3.~2,4...~z,q~z,l)......(P such blocs). 
There are three obvious relations between the si,j: 
(i) si,j - Si~j’ = S,Y~ -sj,i = the empty word, 
(ii) if {i,j} n {a,b} = 0 then s:j.s;L = s:i-$f, 
(iii) for any i,j,k: si,j’si,kSj,k = sj,k*si,ksi,j. 
This writting has the advantage of keeping track of all the crossings of a given type (i, j). This 
is not the case for the equivalent relations with the generators et. The proof of the Lemma is 
now easy. The braid pPiQ is positive then it has the minimal number of crossings (length of 
the braid word) in its conjugacy class. Furthermore, if p > q and (p, q) = 1 then 
p = qm +‘r,m 2 1 and 0 < r < q, and each letter si,j in the strand word s(BPlq) appears at 
least 2m times. Since s(&,,~) has the minimal number of crossings in its conjugacy class, this 
inequality is satisfied by any braid in the conjugacy class. On the other hand the writing of 
the braid /I above implies that for some k E { 1,2, . . . , q - 2) the crossing Sk, 4 _ 1 appears only 
once, therefore p and pP,4 cannot be conjugate. The Lemma is then proved as well as the 
theorem. 
5. SOME PROPERTIES AND APPLICATIONS 
Let us give some precisions on the main theorem. Consider a braided satellite knot 
K and assume, for simplicity, that K has only one essential torus T. The core of T is a non 
trivial knot C which is a closed braid fl and K is a closed braid a in the solid torus 
T bounded by T. Let us denote the knot K by: K = p+ cl with c1 E B, and C = p with 
/I E B,, then we notice that: 
(i) the knot K is uniquely determined by the knot C and the conjugacy class of CI in B,, 
(ii) the braid index hi(K) = m.n, and m = hi(C). 
The claim (i) is a consequence of a well known result of Morton [20] and (ii) follows 
from [6]. 
In the introduction we mentioned that the exchange moves, in the Theorem 1.1, are 
unavoidable. Let us explain this claim. Consider a braid b E R(C) and the knot K = /? + Cr 
for any braid CI in B,. This knot K is the closure of a reducible braid y E Bi(K) which we 
write y = P+u. and which is obtained as follows: 
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(a) Consider the strands of ,!3 embedded in the solid cylinder 0’ x [0, l] and let N(B) be 
a regular neighborhood. N(b) is a collection of disjoint embedded solid cylinders: 
SCi, i = l,..., m. 
(b) In each cylinder SCi, i = 1 , . . . , m - 1, consider the embedding of the identity braid 
of B, (n parallel strands) and, in the remaining cyclinder SC,,,, consider the embed- 
ding of the strands of a. 
The resulting braid y is obviously reducible and belongs to Bi(K). In fact every reducible 
braid whose closure has a single essential torus is conjugate to a braid of this form [16]. 
Now we observe that if the braid p admits an exchange move then the braid y also admits 
some exchange moves. Unfortunately the braids obtained by an exchange move from 
a reducible braid are not all reducible. Moreover the class of knots such that some braids in 
the braid index set admits an exchange move is not empty (see [IS] for some examples). This 
explains the claim. 
In fact the converse of this property is also true, i.e. if y = /?+u admits an exchange 
move then /3 admits an exchange move. Indeed, from the proof of Lemma 4.6 there is 
a crossing Si,j which appears only once in the braid y. Assume that K = jj is a knot and that 
/I belongs to the braid index set Bi(C) of a knot C then one can check that the special 
crossing Si,j occurs between strands in different cylinders SCI, and SC, as defined above in 
(a). This implies that the braid fl admits an exchange move. Therefore we have: 
PROPOSITION 5.1. If K is a braided satellite knot written with the above notations as 
K = p + Z. Then a reducible braid fi + a E Bi(K), with p E Bi(C), admits an exchange move if 
and only if /? admits an exchange move. 
This proposition implies that if a knot C has the property that no braid in Bi(C) admits 
an exchange move then for any c1 E B, such that cl is a knot, the braided satellite knot 
K = j? (c Cr, fl E Bi(C), has a braid index set with the same number of conjugacy class as 
Bi(C). In particular if C is a torus knot then Bi(K) has only one conjugacy class for any 
braid cx E B,. 
We end this paper by an example of computation of the factor A, we prove: 
PROPOSITION 5.2. The square knot S and the granny knot G have distinctfactor A, namely: 
As = 10.9083. . and AC = 6.8541... 
Let us recall (see [Ro]) that the granny knot G is the connected sum of two right-hand 
trefoil knots and the square knot S is the connected sum of a right-hand and a left-hand 
trefoil knots (see Fig. 4). The right-hand trefoil is the closure of 0: E B2 and the left-hand 
trefoil is the closure of o; 3 E B2. It is then easy to check that the granny knot is the closure 
of y = a: - a; E B3 and the square knot is the closure of X = 0: - a; 3 E B3. The braid index 
theorem of [S] for composite knots implies that hi(G) = hi(S) = 3. The classification 
theorem for braid index 3 links (see [7]) implies that Bi(G) and Bi(S) are reduced to a single 
conjugacy class. Therefore the factor AG (resp A,) is just the dilatation factor A, (resp A,) of 
the braid y (resp C). 
We can compute the dilatation factors by applying the algorithm of [17]. We do not 
perform here the complete computations but we give the final result and the necessary 
information to reproduce it (by hand) without doing all the tests. We refer the interested 
reader to [17] for the definitions and the details. Let us first remark that the braids y and 
): are of minimal ength in their conjugacy classes. We can then derive the other braids of the 
conjugacy classes having the same minimal length. In what follows we consider the braids 
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Fig. 4. The granny and the square knots. 
3 3 
Fig. 5. The invariant train tracks. 
Fig. 6(a). The imagef,. (T?). 
y’=o:.6~.61and~‘=a,.a;3 . a: which are conjugate to y and E, respectively. We derive 
a train track ry, (resp rx,) which is invariant under an element of the isotopy class [f,,,] (resp 
[&]). The Fig. 5 shows the invariant train tracks tyP and ry, and the Fig. 6 shows the 
minimal image of these train tracks under an element of [f,,] and [f&l. It turns out that 
these isotopy classes are both pseudo-Anosov which is not a surprise from Theorem 1.1. 
From these pictures we then compute the incidence matrices which are, respectively: 
it4?=[: B a, and Mx=[i i 4) 
for the induced maps on ry, and Q. The dilatation factors being the largest eigenvalues of 
these matrices, we find: a, = 10.9083.. . , and 1, = 6.8541. . . We can check furthermore that 
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Fig. 6(b). The image_& (52,). 
the positive eigenvector (x.,xb,xC) corresponding, for each of these matrix, to the largest 
eigenvalue satisfies one switch condition, namely: x, + xb = x, for My and x, = xb + x, 
for ME. 
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